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Abstract. In this work we investigate a boundary problem with non-local condi-
tions for mixed parabolic-hyperbolic type equation with three lines of type-changing with
Caputo fractional derivative in the parabolic part. We equivalently reduce considered
problem to the system of second kind Volterra integral equations. In the parabolic part
we use solution of the first boundary problem with appropriate Green’s function and in
hyperbolic parts we use corresponding solutions of the Cauchy problem.
1 Formulation of a problem
Due to many applications in gas and aerodynamics, mechanics, theory of boundary prob-
lems for mixed type equations was very rapidly developed [1]. Nowadays, this theory
has many branches due to the usage of various methods of mathematical and functional
analysis, topological methods and the method of Fractional Calculus [2-4].
We note closely-related recent works on local and non-local boundary problems for
parabolic-hyperbolic equations [5-9].
Regarding the investigations of mixed parabolic-hyperbolic equations with non-smooth
lines of type changing we note works [10-14].
In this work we investigate boundary problem with non-local condition, which connects
value of seeking function in one characteristics with value of this function on another
characteristics. This kind of non-local condition was used in the work [15]. We study this
problem for unique solvability. Spectral properties of such problems in integer case were
investigated in works [16-17].
Consider an equation
0 =
{
uxx −C D
λ
0yu, (x, y) ∈ Ω0,
uxx − uyy, (x, y) ∈ Ωi(i = 1, 3)
(1.1)
in a domain Ω = Ω0∪Ω1∪Ω2∪Ω3∪AB∪AA0∪AB0. Here Ω0 = {(x, y) : 0 < x < 1, 0 < y < 1},
Ω1, Ω2, Ω3 are characteristic triangles with endpoints A,B,C; A,A0, D; B,B0, E respec-
tively, where A(0, 0), A0(0, 1), B(1, 0), B0(1, 1), C(1/2,−1/2), D(−1/2, 1/2), E(3/2, 1/2),
0 < λ ≤ 1,
CD
λ
0yg =

dg
dy
, λ = 1
1
Γ(1−λ)
y∫
0
(y − t)−λg′(t)dt, 0 < λ < 1
1
is the Caputo fractional operator [4].
Problem. Find a solution of the equation (1.1) from the class of functions
W =
{
u(x, y) : u ∈ C(Ω) ∩ C1(Ω AB) ∩ C2,λx,y (Ω0) ∩ C
2(Ωi)
}
,
satisfying conditions
a1(t)u(t,−t) + a2(t)u(t,−t) = a3(t), 0 ≤ t ≤ 1, (1.2)
u|CB = ϕ1(x), 1/2 ≤ x ≤ 1, (1.3)
u|BE = ϕ2(y), 0 ≤ y ≤ 1/2, (1.4)
lim
y→+0
lim CD
λ
0yu(x, y) = uy(x,−0), 0 < x < 1, (1.5)
where ai(·), ϕj(·)(i− 1, 3, j = 1, 2) are given functions such that ϕ1(1) = ϕ2(0).
2 Main functional correlations
Solution of the Cauchy problem for the equation (1.1) in the domain Ω1 can be represented
as [18]
u(x, y) =
1
2
τ1(x+ y) + τ1(x− y) + x+y∫
x−y
ν−1 (t)dt,
 (2.1)
where u(x, 0) = τ1(x), uy(x,−0) = ν
−
1 (x).
Solution (2.1) satisfy to the condition (1.3) and after some evaluations we get
ν−1 (x) = −τ
′
1(x) + ϕ1
(
x+ 1
2
)
, 0 ≤ x ≤ 1. (2.2)
Equality (2.2) is one the main functional correlations on AB reduced from the hyperbolic
part of the mixed domain. Now let us deduce another functional correlations between
functions τ1(x), ν1(x). For this aim we pass to the limit as y → +0 and from the equation
(1.1) we obtain [4]
τ ′′1 (x)− Γ(λ)ν
+
1 (x) = 0, (2.3)
where ν+1 (x) = lim
y→+0
lim CD
λ
0yu(x, y).
From the equalities (2.2) and (2.3), considering transmitting condition (1.5) we get
τ ′′1 (x) + Γ(λ)τ
′
1(x) = ϕ
′
1
(
x+ 1
2
)
. (2.4)
General solution of (2.4) has a form
τ1(x) = C1 + e
−Γ(λ)x
C2 + 2 x∫
0
eΓ(λ)tϕ′1
(
t + 1
2
)
dt
 .
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From the condition (1.2) and (1.3) we have
τ1(0) =
a3(0)
a1(0) + a2(0)
, τ1(1) = ϕ1(1). (2.5)
Solution of the equation (2.3), satisfying conditions (2.5) we represent as
τ1(x) = 2
x∫
0
eΓ(λ)(t−x)ϕ1
(
t+ 1
2
)
dt+
eΓ(λ)(1−x) − 1
eΓ(λ) − 1
a3(0)
a1(0) + a2(0)
+
eΓ(λ) − eΓ(λ)(1−x)
eΓ(λ) − 1
ϕ1(1)+
+
2
eΓ(λ) − 1
1∫
0
[
eΓ(λ)(t−x) − eΓ(λ)t
]
ϕ1
(
t+ 1
2
)
dt.
(2.6)
Formula (2.6) gives explicit representation of the function τ1(x). Using (2.2) and (1.5) we
find functions ν−1 (x), ν
+
1 (x) in an explicit form.
Using (2.1) we find u(t,−t):
u(t,−t) =
1
2
τ1(0) + τ1(2t)− 2t∫
0
ν−1 (z)dz
 , 0 ≤ t ≤ 1/2. (2.7)
Solution of the Cauchy problem for (1.1) in the domain Ω2 has a form
u(x, y) =
1
2
τ2(y + x) + τ2(y − x) + y+x∫
y−x
ν2(t)dt,
 , (2.8)
where u(0, y) = τ2(y)(0 ≤ y ≤ 1), ux(0, y) = ν2(y)(0 < y < 1).
Using this representation calculate u(−t, t):
u(−t, t) =
1
2
τ2(0) + τ2(2t)− 2t∫
0
ν2(z)dz
 , 0 ≤ t ≤ 1/2. (2.9)
Equalities (2.7) and (2.9) we substitute into (1.2) and after differentiation once with
respect to t, we obtain
ν2(t) = τ
′
2(t) +
a2(t/2)
a1(t/2)
[τ ′1(t)− ν1(t)] +
a1(t/2)a
′
2(t/2)− a
′
1(t/2)a2(t/2)
2a21(t/2)
×
×
τ1(0) + τ1(t)− t∫
0
ν1(z)dz
 + a′1(t/2)a3(t/2)− a′3(t/2)a1(t/2)
a21(t/2)
.
(2.10)
Now we write solution of the Cauchy problem for (1.1) in the domain Ω2:
u(x, y) =
1
2
τ3(y + x− 1) + τ3(y − x+ 1) + y−x+1∫
y+x−1
ν3(t)dt,
 , (2.11)
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where u(1, y) = τ3(y)(0 ≤ y ≤ 1), ux(1, y) = ν3(y)(0 < y < 1).
(2.11) satisfy to (1.4) and differentiating once we get
ν3(y) = −τ
′
3(y) + ϕ2
(y
2
)
, 0 < y < 1. (2.12)
Equalities (2.10) and (2.12) are main functional correlations, which we shall use fur-
ther.
3 Reduction to the system of integral equations
Solution of the first boundary problem for the equation (1.1) in the domain Ω0 has a form
[4]
u (x, y) =
y∫
0
Gx1 (x, y; 0, y1) τ2 (y1) dy1−
y∫
0
Gx1 (x, y; 1, y1) τ3 (y1) dy1+
1∫
0
G (x− x1, y) τ1(x1)dx1,
(3.1)
where
G (x− x1, y) =
1
Γ(1− λ)
y∫
0
y−λ1 G (x, y; x1, y1) dy1,
G (x, y; x1, y1) =
(y − y1)
ρ−1
2
∞∑
n=0
[
e1,ρ1,ρ
(
−
|x− x1 + 2n|
(y − y1)
ρ
)
− e1,ρ1,ρ
(
−
|x+ x1 + 2n|
(y − y1)
ρ
)]
is the Green’s function of the first boundary problem [4], ρ = λ/2,
eµ,δα,β (z) =
∞∑
n=1
zn
Γ (αn+ µ) Γ (δ − βn)
is the Wright type function [4].
Using the following formulas [4]
d
dz
eµ,δα,ρ (z) = −
1
ρz
[
eµ,δ−1α,ρ (z) + (1− δ) e
µ,δ
α,ρ (z)
]
,
e1,δ−11,ρ (z) + (1− δ) e
1,δ
1,ρ (z) = ρze
1,δ−ρ
1,ρ (z) ,
d
dz
(
zµ−1eµ,δα,ρ (cz
α)
)
= zµ−2eµ−1,δα,ρ (cz
α) ,
d
dz
(
zµ−1eµ,δα,ρ
(
cz−ρ
))
= zδ−αeµ,δ−1α,ρ
(
cz−ρ
)
,
(3.2)
after some evaluations we deduce
Gx1x (+0, y; 0, y1) =
d
dy1
(
∞∑
n=−∞
1
(y − y1)
ρ e
1,1−ρ
1,ρ
(
−
|2n|
(y − y1)
ρ
))
, (3.3)
Gx1x (+0, y; 1, y1) =
d
dy1
(
∞∑
n=−∞
1
(y − y1)
ρ e
1,1−ρ
1,ρ
(
−
|2n+ 1|
(y − y1)
ρ
))
, (3.4)
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Gx1x (1− 0, y; 0, y1) =
d
dy1
(
∞∑
n=−∞
1
(y − y1)
ρ e
1,1−ρ
1,ρ
(
−
|2n+ 1|
(y − y1)
ρ
))
, (3.5)
Gx1x (1− 0, y; 1, y1) =
d
dy1
(
∞∑
n=−∞
1
(y − y1)
ρ e
1,1−ρ
1,ρ
(
−
|2n|
(y − y1)
ρ
))
. (3.6)
Differentiating (3.1) once with respect to x and at x → +0, x → 1 − 0, considering
(3.3)-(3.6), we obtain
ux (+0, y) = ν2 (y) =
y∫
0
τ2 (y1)
∂
∂y1
 ∞∑
n=−∞
e1,1−ρ1,ρ
(
− |2n|
(y−y1)
ρ
)
(y − y1)
ρ
 dy1−
−
y∫
0
τ3 (y1)
∂
∂y1
 ∞∑
n=−∞
e1,1−ρ1,ρ
(
− |2n+1|
(y−y1)
ρ
)
(y − y1)
ρ
 dy1 + 1∫
0
Gx (−x1, y) τ1(x1)dx1
(3.7)
ux (1− 0, y) = ν3 (y) =
y∫
0
τ2 (y1)
∂
∂y1
 ∞∑
n=−∞
e1,1−ρ1,ρ
(
− |2n+1|
(y−y1)
ρ
)
(y − y1)
ρ
 dy1−
−
y∫
0
τ3 (y1)
∂
∂y1
 ∞∑
n=−∞
e1,1−ρ1,ρ
(
− |2n|
(y−y1)
ρ
)
(y − y1)
ρ
 dy1 + 1∫
0
Gx (1− x1, y) τ1(x1)dx1.
(3.8)
Using formula of integration by parts, (3.7) and (3.8) we rewrite as follows
ν2 (y) =
y∫
0
τ2
′ (y1)K1 (y, y1) dy1 −
y∫
0
τ3
′ (y1)K2 (y, y1) dy1 +
1∫
0
Gx (−x1, y) τ1(x1)dx1,
(3.9)
ν3 (y) =
y∫
0
τ2
′ (y1)K2 (y, y1) dy1 −
y∫
0
τ3
′ (y1)K1 (y, y1) dy1 +
1∫
0
Gx (1− x1, y) τ1(x1)dx1,
(3.10)
where
K1 (y, y1) =
(y − y1)
−ρ
Γ (1− ρ)
+
∞∑
n=−∞
n 6=0
1
(y − y1)
ρ e
1,1−ρ
1,ρ
(
−
|2n|
(y − y1)
ρ
)
=
(y − y1)
−ρ
Γ (1− ρ)
+ K˜1 (y, y1) ,
(3.11)
K2 (y, y1) =
∞∑
n=−∞
1
(y − y1)
ρ e
1,1−ρ
1,ρ
(
−
|2n+ 1|
(y − y1)
ρ
)
. (3.12)
Considering (2.10), (2.12) and (3.9), (3.10) we get the following system of second kind
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Volterra integral equations:
τ2(y)−
y∫
0
τ2
′ (y1)K1 (y, y1) dy1 = −
y∫
0
τ3
′ (y1)K2 (y, y1) dy1 + f1(y),
τ3(y)−
y∫
0
τ3
′ (y1)K1 (y, y1) dy1 = −
y∫
0
τ2
′ (y1)K2 (y, y1) dy1 + f2(y),
(3.13)
where
f1(y) =
1∫
0
Gx (−x1, y) τ1(x1)dx1 +
a2
(
t
2
)
a1
(
t
2
) [ν1(t)− τ ′1(t)] + a1 ( t2) a′2 ( t2)− a′1 ( t2) a2 ( t2)2a21 ( t2) ×
×
 t∫
0
ν1(z)dz − τ1(0)− τ1(t)
− a′1 ( t2) a3 ( t2)− a′3 ( t2) a1 ( t2)
a21
(
t
2
) ,
f2(y) = ϕ2
(y
2
)
−
1∫
0
Gx (1− x1, y) τ1(x1)dx1
(3.14)
Considering representations of kernels (3.11), (3.12) and right-hand sides (3.14), one can
easily be convinced that system of integral equations (3.13) is uniquely solvable. After we
find functions τj(y), νj(y)(j = 2, 3), we recover solution of the formulated problem in the
domain Ω0 by the formula (3.1) and in the domains Ω1, Ω2, Ω3 by formulas (2.1), (2.8),
(2.11), respectively.
Finally we can formulate our result as the following theorem:
Theorem. If ai(·), ϕ2(·) ∈ C
1[0, 1/2] ∩ C2(0, 1/2), ϕ1(·) ∈ C
1[1/2, 1] ∩ C2(1/2, 1),
then there exist unique solution of the problem (1.1)-(1.5)
4 Acknowledgement
This research was partially supported by the Grant No 3293GF4 of the Ministry of edu-
cation and science of the Republic of Kazakhstan
References
[1] J. M. Rassias, Mixed Type Partial Differential Equations in Rn, Ph.D. Thesis, Uni-
versity of California, Berkeley, USA, 1977.
[2] G. C. Wen, The mixed boundary-value problem for second order elliptic equations
with degenerate curve on the sides of an angle, Mathematische Nachrichten 13-14,
279 (2006)
[3] S. Huang, Y. Y. Qiao and G. C. Wen, Real and complex Clifford analysis, Advances
in Complex Analysis and its Applications, 5. (Springer, New York, 2006).
6
[4] A. V. Pskhu, Uravneniya v chastnykh proizvodnykh drobnogo poryadka. (Russian)
[Partial differential equations of fractional order] (Nauka, Moscow, 2005)
[5] E. T. Karimov, Some non-local problems for the parabolic-hyperbolic type equation
with complex spectral parameter, Mathematische Nachrichten 7 (2008)
[6] A. Ashyralyev, Y. Ozdemir, On numerical solutions for hyperbolicparabolic equations
with the multipoint nonlocal boundary condition, Journal of the Franklin Institute
2, 351 (2014)
[7] E. T. Karimov, A. I. Sotvoldiyev,Existence of solutions to non-local problems for
parabolic-hyperbolic equations with three lines of type changing, Electronic Journal
of Differential Equations 138 (2013)
[8] E. T. Karimov, J. S. Akhatov, A boundary problem with integral gluing condition for
a parabolic-hyperbolic equation involving the Caputo fractional derivative, Electronic
Journal of Differential Equations 14 (2014)
[9] A. S. Berdyshev, E. T. Karimov, N. S. Akhtaeva, On a boundary-value problem
for the parabolic-hyperbolic equation with the fractional derivative and the sewing
condition of the integral form, AIP Proceedings 1611 (2014)
[10] V. A. Nakhusheva, First boundary problem for mixed type equation in a character-
istic polygon, Dokl.AMAN 1, 14 (2012)
[11] A. S. Berdyshev, N. A. Rakhmatullaeva, Non-local problems for parabolic-hyperbolic
equations with deviation from the characteristics and three type-changing lines, Elec-
tronic Journal of Differential Equations 7 (2011)
[12] E. T. Karimov, N. A. Rakhmatullaeva, On a nonlocal problem for mixed parabolichy-
perbolic type equation with nonsmooth line of type changing, Asian-European Jour-
nal of Mathematics 2, 7 (2014)
[13] V. A. Eleev, V. N. Lesev, On two boundary problems for mixed type equations with
perpendicular lines of type changing, Vladikavkaz math.journal 3,4 (2001)
[14] A. S. Berdyshev, A. Cabada, E. T. Karimov, On a non-local boundary problem for
a parabolichyperbolic equation involving a RiemannLiouville fractional differential
operator, Nonlinear Analysis 75 (2012)
[15] M. S. Salakhitdinov, E. T. Karimov, On a nonlocal problem with gluing condition
of integral form for parabolic-hyperbolic equation with Caputo operator, Reports of
the Academy of Sciences of the Republic of Uzbekistan 4 (2014)
[16] A. S. Berdyshev, A. Cabada, E. T. Karimov and N. S. Akhtaeva. On the Volterra
property of a boundary problem with integral gluing condition for a mixed parabolic-
hyperbolic equation, Boundary Value Problems 94 (2013)
7
[17] A. S. Berdyshev, E. T. Karimov, On the existence of eigenvalues of a boundary value
problem with transmitting condition of the integral form for parabolic-hyperbolic
equation, arXiv:1502.03899v1 [math.AP]
[18] J. M. Rassias, Lecture Notes on Mixed Type Partial Differential Equations (World
Scientific, Singapore, 1990)
8
